Quantum Doubles From A Class Of Nonco commutative Weak 

Hopf Algebras 

Fang Li * 

Department of Mathematics, Zhejiang University 
Hangzhou, Zhejiang 310028, China 

Yao-Zhong Zhang < 
Department of Mathematics, University of Queensland 
Brisbane, Qld 4072, Australia 

February 1, 2008 



Abstract 

The concept of biperfect (noncocommutative) weak Hopf algebras is introduced and their 
properties are discussed. A new type of quasi-bicrossed products are constructed by means of 
weak Hopf skew-pairs of the weak Hopf algebras which are generalizations of the Hopf pairs 
introduced by Takeuchi. As a special case, the quantum double of a finite dimensional biperfect 
(noncocommutative) weak Hopf algebra is built. Examples of quantum doubles from a Clifford 
monoid as well as a noncommutative and noncocommutative weak Hopf algebra are given, 
generalizing quantum doubles from a group and a noncommutative and noncocommutative Hopf 
algebra, respectively. Moreover, some characterisations of quantum doubles of finite dimensional 
biperfect weak Hopf algebras are obtained. 

I Introduction 

In a recent work pQ, quantum doubles of finite dimensional Hopf algebras and finite groups are 
generalized by one of the authors to those of certain finite dimensional weak Hopf algebras and 
finite Clifford monoids so as to obtain singular solutions of the quantum Yang-Baxter equation. 
However, the procedure in [Q is not suitable for noncocommutative weak Hopf algebras. So, it is 
interesting to construct quantum doubles of noncocommutative weak Hopf algebras. The aim of 
this paper is to give one class of noncocommutative weak Hopf algebras from which their quantum 
doubles can be obtained. 

As is known [2], bicrossed product is a fundamental tool to construct the quantum double of a 
Hopf algebra. Quasi-bicrossed product plays a similar role in [T] for the construction of quantum 
doubles of certain weak Hopf algebras (in particular, finite Clifford monoids). In j^j, the concept of 
weak Hopf pairs was introduced as a generalization of the Hopf pairs of Takeuchi [I] . Using the weak 
Hopf skew-pairs, one type of quasi-bicrossed products, which lie between general quasi-bicrossed 
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products and quantum quasi-doubles, were constructed when one of the two weak Hopf algebras 
in the product is cocommutative. In section IIIII of this paper, we will generalize the results and 
construct quasi-bicrossed products of the weak Hopf skew-pairs corresponding to the case where 
both weak Hopf algebras in the product are non-cocommutative (see Theorem IIII.6I below) . 

A bialgebra H over a field k is called a weak Hopf algebra 1 if there exists T £ Hom^H, H) 
such that id*T * id = id and T *id*T = T where * is the covolution product in Homi~(H, H); T 
is called a weak antipode of H. Weak Hopf algebras lie between left (resp. right) Hopf algebras and 
bialgebras. So far, two types of such weak Hopf algebras have been found, which are the monoid 
algebra kS of a regular monoid S and the almost quantum algebra wsl q {2) (see also [H] for 
weak Hopf algebras corresponding to U q [sl n ] ) . 

An application of weak Hopf algebras was found in the construction of non-invertible solutions 
of the (quantum) Yang-Baxter equation in pj[2]. It was found that for a finite dimensional co- 
commutative perfect weak Hopf algebra H with an invertible weak antipode T, the quasi-bicrossed 
product H° v *ooH (which is called the quantum double of H, denoted by D(H)), is a quasi-braided 
almost bialgebra equipped with the quasi- R-matrix R = J2?=i(^-°° e i) ® (e l ool) £ D(H) ® D(H) 
where {ei}f = i is a basis of H as a vector space and {e*}™ =1 is its dual basis in H op * . Then, R is 
a solution of the quantum Yang-Baxter equation. In 7 , it was shown that this solution R is von 
Neumann regular but not invertible in general. An example of this solution was constructed from 
the cocommutative perfect weak Hopf algebra H = kS for any finite Clifford monoid S. 

Although the quantum double of a finite Clifford monoid is indeed a generalization of the 
quantum double of a finite group, the quantum doubles in can not usually be regarded as gen- 
eralizations of quantum doubles of Hopf algebras due to the cocommutativity of the weak Hopf 
algebras considered in pQ. The goal of this paper is to overcome this so as to construct quantum 
doubles of noncocommutative weak Hopf algebras. We will give one class of noncocommutative 
weak Hopf algebras from which their quantum doubles can be obtained. Firstly, we introduce the 
concept of biperfect weak Hopf algebras and discuss their properties. Then we construct a new type 
of quasi-bicrossed products by means of the weak Hopf skew-pairs of the weak Hopf algebras which 
are generalizations of the Hopf pairs introduced by Takeuchi 3 . As a special case, the quantum 
double of a finite dimensional biperfect (noncocommutative) weak Hopf algebra is built. Examples 
of quantum doubles from a Clifford monoid and a noncommutative and noncocommutative weak 
Hopf algebra are given as generalizations of those from a group and a noncommutative and nonco- 
commutative Hopf algebra, respectively. Moreover, we discuss some characterisations of quantum 
doubles of finite dimensional biperfect weak Hopf algebras. 

II Preliminaries 

Throughout the paper, k stands for a field. Some notations and definitions unexplained here can 
be found in [S], [2], and [S]. The word "quantum quasi-double" of a weak Hopf algebra in P 
will always be replaced with "quantum double". 

We recall [I] that a linear space H is a k-almost bialgebra if (H, fj,, n) is a /c-algebra and (H, A, e) 
is a fc-coalgebra with A(xy) = A(x)A(y) for x, y £ H. If if is a subalgebra and also a sub-coalgebra 
of H, then K itself is an almost bialgebra, called as an almost sub-bialgebra of H. 

Combining formally with the definition of the weak Hopf algebras, we say in [Jj that an almost 
bialgebra H is an almost weak Hopf algebra if there exists T £ Horrik(H, H) such that id*T*id = id 
and T * id*T = T, where T is called an almost weak antipode of H. 
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Let H be an almost bialgebra. If there exists an R G H ® H such that for all x € H, A op (x)R = 
RA(x), then R is called a universal quasi- R-matrix; if simultaneously, (A ® id)(R) = R13R23 and 
(id ® A)(R) = R13R12 are satisfied, then we call i7 a quasi-braided almost bialgebra with a quasi- 
R-matrix R (see pQ). Moreover, if H is a bialgebra and R is invertible, then H is called a braided 
bialgebra. 

Let if be a bialgebra and C a coalgebra. If C is a left ff-module and A(hc) = A(h) A(c) for every 
h & H and c € C, then we call the coalgebra C a Ze/t quasi-module- coalgebra over if. Moreover, 
if e(/ic) = e(h)e(c), then C is called a Ze/t module- coalgebra over if. Right quasi-module-coalgebra 
and right module-coalgebra can be defined similarly. 

A pair (X, A) of bialgebras over a field k is called quasi-matched (resp. matched) if there exist 
linear maps a : A® X — ► X and /3 : A® X — > ^4 which turn X into a left ^4-quasi-module- 
coalgebra (resp. a left A-module-coalgebra) and A into a right X-quasi-module-coalgebra (resp. 
a right X-module-coalgebra) , such that if one sets a(a ® x) = a > x, /3(a ® x) = a < x then the 
following conditions are satisfied: 

a>(xy) = (a' >x')((a" <x") >y), (III) 
(«»)(*) 

o>l = e(a)l, (II.2) 

(ab)<x = (a<(b'>x'))(b" <x"), (11.3) 

(b)(x) 

l<x = e(x)l, (II.4) 
]T {a < x') ® (a" > x") = ^ (a" < x") ® (a' > x'), (IL5) 

(a) (a;) (a)(x) 

for all a, b £ A and x, y € X, where 1 is the identity of X and of A respectively in ()II.2|) and ()II.4|) . 

For a quasi- matched (resp. matched) pair of bialgebras (X,A), we know from [Tj and [2] that 
there exists an almost bialgebra (resp. a bialgebra) structure on the vector space X ® ^4 with 
identity equal to 1 ® 1 such that its product is given by 

(x®a)(y®6)= x{a' >y')®(a" <\y")b, (II.6) 

(a)(w) 

its coproduct by 

A(x ® a) = ^ (x' ® a') ® (x" ® a") (II. 7) 

(a)(x) 

and its counit by 

e(x ® a) = £x(x)£a(o) (II.8) 

for all x, y € X, a, 6 £ A Equipped with this almost bialgebra (resp. bialgebra) structure, X ® ^4 
is called the quasi-bicrossed product (resp. bicrossed product) of X and A, and denoted as X00A 
Furthermore, the injective maps ix(x) = x ® 1 and ia{p) = 1 ® a from X and A respectively into 
X00A are bialgebra morphisms. Also, xooa = (xool)(looa) for a £ A and x £ X. 
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III Biperfect Weak Hopf Algebras And Quasi-Bicrossed Products 

Definition III.l A weak Hopf algebra H is called: (i) a perfect weak Hopf algebra FJjl if its weak 
antipode T is an anti-bialgebra morphism satisfying (id * T)(H) C C(H) (the center of H); (ii) 
a coperfect weak Hopf algebra if its weak antipode T is an anti-bialgebra morphism satisfying 
J2( x ) x'T{x") ® x'" = J2( x ) x"T(x"') x' for any x G H ; (Hi) a biperfect weak Hopf algebra if it is 
perfect and also coperfect. 

From Proposition 1.2 in Tj, we know that if the weak antipode T of a weak Hopf algebra 
H = (H, m, u, A, e, T) is an invertible anti-algebra morphism, then H op = (H, m op , u, A, e) and 
H cop = (H, m, u, A op , e) are both weak Hopf algebras with weak antipode T . 

Lemma III.l Suppose that H = (H,m,u, A,e,T) is a weak Hopf algebra with T invertible, then 
H is perfect (resp. coperfect) if and only if H op (resp. H cop ) is also perfect (resp. coperfect). 

Proof. When H is coperfect, then J2(x) x'T(x") ® x'" = Yl(x) x "T(x"') ® x' for any x E H. Thus, 
(T <g> 1) ^(x"T- V) ® x'") = (T ® 1) Y,{ X "' T ~ 1 { X ") ® x ')- 

(x) (x) 

It follows that S(x)( a; ' / ^ n_1 ( x/ ) ® x "') = ^2{x){ x '"T~ 1 {x") ® x') since T is invertible. This means 
that H cop is coperfect on the weak antipode T _1 . It is similar to prove the result in the case that 
H is perfect. # 

For a finite dimensional weak Hopf algebra H = (H, m, u, A, e, T) , we know that H* = 
(H*, A*,e*,m*,u*,T*) is a weak Hopf algebra with weak antipode T*. 

Lemma III. 2 A finite dimensional weak Hopf algebra H is perfect (resp. coperfect) if and only if 
its duality H* is coperfect (resp. perfect). 

Proof, "only if: When H is perfect, we need to prove that for / € H*, 

E f'T*(J") <8 /'" = £ f"T*(f>") ® f. 

(/) (/) 

In fact, for a, b £ H, 

(£/' T *(/")® f"){a ®6) = ^2(f'T*(f"))(a)f'(b)= £ f'(a')T*(f")(a")f"'(b) 
(/) (/) (/)(») 

= E f'{a')f"(T{a"))f"'(b) = E f(a'T(a")b) 

(/)(») (a) 

= E/(^' T ( a "))= E f'(b)f"(a')f'"(T(a")) 

(a) (/)(a) 

= E f'(b)f"(a')T*(f"')(a") = E f'mf"T*(f'"))(a) 
(/)(») (/) 

= E(/" T *(/ W ) »/')(« ® 
(/) 
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When H is coperfect, we need to prove that (ids* * T*)(H*) C C{H*). 
In fact, for f,g£ H*, x € H, 



(g(id H **T*)(f))(x) = 5>(x')Ntf* *T*)(f))(x") = J29(x')&*(id H * ® T*)m*(/)(x") 



It is easy to see that T* is an anti-bialgebra morphism from the same fact of T. 
"if: It follows from H**. # 

Corollary III. 3 ^4 finite dimensional weak Hopf algebra H is biperfect if and only if its duality 
H* is biperfect. 

Lemma III. 4 Suppose that H = (H, m, u, A, e, T) is a finite dimensional weak Hopf algebra and 
its weak antipode T is an invertible anti-bialgebra morphism. Then (i) H is perfect if and only if 
(T * id)(H) C C(H); (ii) H is coperfect if and only if J2{ x ) T(x')x" ® x'" = J2( x ) T{x")x"' g x' for 
any x € H . 

Proof, (i) follows from Lemma 1.1 in pQ. 

(ii) Similar to the proof of Lemma III. 2, we can prove that H satisfies (T * id)(H) C C{H) if 



and only if H* satisfies £(/) T*(f')f" ® /"' = £(/) r*(/")/'" ® /' for /GF. 

Then is coperfect if and only if H* is perfect, if and only if (T* * id)(H*) C C(H*). But 
# ^ (If*)*. So, if and only if T{x')x" ® x'" = £(x) T{x!')rf" ® x' for x£H. # 



The concept of a Hopf pair of Hopf algebras was introduced by M.Takeuchi in j^, which plays 
a valid role in the study of the theory of quantum groups. Now, we generalize this and introduce 
some similar concepts corresponding to the weak Hopf algebras. 

Definition III. 2 (i) Suppose that A and X are weak Hopf algebras with weak antipodes Sa and 
Sx , respectively. We call (X, A) a weak Hopf pair, if there exists a non-singular bilinear form < , > 
from X A to k satisfying 





g{x')f(x"T(x'")) = £ f{x'T(x"))g(x'") 




((id H **T*)(f)g)(x). 



< x, ah >= < x' , a >< x", b > 



(111.1) 



< x, Ia >= e{x), 
< xy, a >= ^ < x, a X y, a" >, 



(III.2) 
(III.3) 



(«) 



< l x ,a >= e(a), 
< Sx{x),a >=< x,Sa(o) >, 



(III.4) 
(III.5) 



where x, y G X , a, b € A. 
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(ii) In (i), moreover, if Sa is invertible and UII. 1\) and MIL ,5j) are replaced with the following 

nrrn) and prr^ .- 

< x,ab >=^2 < x" ,a >< x' ,b >, (III. 6) 

(x) 

< S x (x),a>=<x,S A 1 (a)>, (III.7) 
respectively, we call (X, A) a weak Hopf skew-pair. 

From 1 1, A op = (A, n° p ,-q, A,e, S^ 1 ) is a weak Hopf algebra when Sa is invertible. Therefore 
(X, A) is a weak Hopf skew-pair if and only if (X, A° v ) is a weak Hopf pair in the case where Sa 
is invertible. 

We know from [3] that for two perfect weak Hopf algebras A and X with weak antipodes 5,4 
and Sx respectively, suppose that A is cocommutative, Sa is invertible and (X, A) is a weak Hopf 
skew-pair, then (X, A) is a quasi-matched pair of bialgebra. We want to generalize this result to 
the case that A is non-cocommutative. In fact, we have the following lemma: 

Lemma III. 5 For two perfect weak Hopf algebras A and X with weak antipodes Sa and Sx re- 
spectively, suppose that Sa is invertible and (X, A) is a weak Hopf skew-pair. Then A and X are 
both biperfect. 

Proof. For x G X, a, b G A, since A is perfect, we have 

J2 < x'S x (x"),a X x'\ b > = < x 'i a ' >< S(x"),a" X x'" , b > 

(x) {x)(a) 

= Yl < X 'i a ' >< X "' 5 A V) >< x'", b > 

(x)(a) 

= < z^V'K >= J2 < ^,S^ l {a")a'b > 

(a) (a) 

= <x',b><x",a' Xx"',S A l {a") > 

(x)(a) 

= < x '' b >< x "i a ' >< S x(x"'), a" > 

(x)(a) 

= < x"Sx(x"'),a X x',b >, 

(x) 

and hence J2(x)( x ' ' Sx{x") <S> x'") = J2(x)( x " Sx(x"') ® x'). It means that X is coperfect. 
Similarly, for x, y G X, a G A, since X is perfect, we can prove 

< x^'S^V) X y,a!" >= ^ < x,a"'Sj l {a") X y,a' > . 

(a) 1 (a) 

Hence E(a)(a"^ 1 (a , )®a w ) =E(a)(a , "^A 1 (o")®a / )- Thus E( a )(a' S A (a")^a'") = E( a )(a" S A (a'")® 
a'). It follows that A is coperfect. # 
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Theorem III. 6 For two perfect weak Hopf algebras A and X with weak antipodes Sa and Sx 
respectively, suppose that Sa is invertible and (X, A) is a weak Hopf skew-pair. Then (X, A) is a 
quasi-matched pair of bialgebras with 

a > x = ^ < x'Sx(x"'), a > x" , 

(x) 

a < x = < x, S^ 1 (a'")a' > a" 

(a) 

so as to get a quasi-bicrossed product XooA, denoted as D(X,A). 
Proof: Firstly, we can verify easily the following: 

< a > x, b >= < x , S^{a")ba! >, (III.8) 

(a) 

< y, a < x >= /J < x'ySx(x"), a > (III. 9) 

(x) 

for a, b G A, x, y G X. 

Now we prove that A and X are a right X-quasi-module coalgebra and a left ^4-quasi-module 
coalgebra with the action < and >, respectively. In fact, for any a G A, x, y, z G X, we have 

<z,a<(xy)> = ^2<(xy)"zSx({xy)'),a> 

= < x"y"zS x (y')S x (x'),a >=< z,(a<x) <y >, 

(*)(v) 

then a< (xy) = (a<x)<y; < z, a< 1 >=< lzS'x(l), a >=< z, a >, then a< 1 = a. Thus A is a right 
X-module. On the other hand, 

< y <gi z, ^ (a' < x') ® (a" < x") > = ^ < y, a' <i x' >< z, a" < x" > 

(o)(x) (a)(x) 

= £ <a/ySxtf'),a! Xa/"zS x (x W ),a!' > 

(a)(x) 

= ^<x / y 1 5 x (xV"^x(x (4) ),a> 

(x) 

= ^<i'j/z&(/),o> 

(x) 

= < yz, a < x >=< y ® z, A(a < x) >, 

then A(a < x) = X)(a)(x)( a ' ^ ® ( a " ^ ^ means that A is a right X-quasi-module-coalgebra. 
Similarly, we get that X is a left A-quasi-module-coalgebra. 

Moreover, we can see that (jll.2j) and (|II.4|) are trivial according to 1)111. 4j) and HIII.2|) and the 
definition of > and < . And, using of Lemma IIII.5) we have 

< Y, (a'>x')((a" <x")>y),b > = < £ (a' > x')(< x", 5^ 1 (a (4) )a" > a" > y), 6 > 
(a)(x) (a)(x) 
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= <x",S A 1 (a^)a" ><(a'>x'),b' ><{a'">y),b": 

(a)(6)(x) 

= <x",S A 1 (a^)a'" > 

(a) (&)(*) 

< x', S^ia'^b'a' X (a< 4 ) > y), b" > 
= J2 <x,S A \a^)a'"S~ A \a")b'a' ><{a^Ky),b" > 

(a)(6) 

= < x ' («'>'«' > < (a" > y) , b" > 

(a)(6) 

= X! <^S i " 1 (a (4) )W><y 1 S A - 1 ( B '>"a"> 

(a)(6) 

= < xy, S A (a")ba! >=< a > (xy), b >, 

(a) 

then a > (xy) = X)(a)(:r) W ^ x ')(( a " < x ") l> 2/)' i- e - eq. (|II.l|) holds. Similarly, we get that (a&) < x 
J2(b)(x)( a < (&' '> ^'))( & " < i- e - ea. (|TDfl) holds. Moreover, 

£ (a' < x') ® (a" > x") = <x', S A \a"')a' > a"® < x"S x (x^),a^ > x'" 



(a)(x) 



a)(x 

E 

a)(x 

E 

a)(x 

E 

a)(x 

E 

a)(x 

E 

a)(x 

E 

a)(x 

E 

a)(x 

E 

a)(x 

E 

a)(x 

E 

a)(x 

E 

a)(x 



< x', SjVV X x", a* 4 ' X S x (x^), a® > a" ® x"' 



< a^SjVV X Sx(x"'),a (5) > a" ® x" 

< x',a"'S^VV >< S x (x w ),a (5) > a (4) ®x" 

< x',a' >< S x (x"'),a'" > a" ® x" 

< x', a' >< x"', S^V") > a" ® x" 

< x', a' X x"', ^(a^V^V") > a" ® x" 

< x',a' X x w ,5^ 1 (« (5) )« / "5l 1 («") > « (4 W' 

"' ^> a< 4 > ® x" 



< x',a' X x"\Sl x {a") X x< 4 \ S^V'V" > 



< x',a' X S x {x'"),a" X x( 4 ), SjV 5 V" > ® x" 



< x'5 x (x /,/ ),a / >< xW S^V 4 V > 



(a" <x") ® (a'i>x'), 
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then eq. ljII.5JI holds. In a word, (X,A) is a quasi-matched pair of bialgebras. Hence we get a 
quasi-bicrossed product XooA, denoted also as D(X,A). # 

Note that in this theorem, A is not required to be cocommutative. So, this theorem is a big 
improvement on the result obtained in [3]. 

IV Quantum Doubles Of Biperfect Weak Hopf Algebras 

In Theorem IIII.61 when A = H is a finite dimensional biperfect weak Hopf algebra with invertible 
weak antipode T, we set X = H* cop and suppose that <, > is the bilinear form of H and its dual 
H* as linear spaces. It was known in [T] that (H* cop = (H*,A*,e*, (m*) op ,u*, (T*^ 1 ). It is easy to 
see that (H* cop , H) is a weak Hopf skew-pair. Then (H* mp , H) is a quasi-matched pair of bialgebras 
with a>f = £(/) < f'T*- l (f" r ),a > f" and a < f = £( a ) < /, T~~ 1 (a"')a / > a" for a e H and 
/ G _£P c °p so as to get a quasi-bicrossed product D(H* cop , H) = H* cop ocH, denoted briefly as 
D{H) and called the quantum double of H. 

Proposition IV. 1 Let H = (H,m,u, A, e,T) 6e a finite dimensional biperfect weak Hopf algebra 
with invertible T. Then the multiplication in D{H) = H* cop ooH is given by 

(/ooa)( 5 oo6) = Y,f9{T-\a'")la')^a"b 

(a) 

for f,ge H* cop , a,beH. 
Proof: 

(fooa)(goob) = £ f{a' t> g')^(a" < g")b 

= fg\T-\a")la')ocg"{T-\a^)a">)a^b 

(a)(9) 

= Y, /5(T- 1 (a( 5 ))a w T- 1 (a")?a , )ooa( 4 )6 

(a) 

= ^/ 5 (r- 1 (a( 5 ))?a'"r- 1 (a")a')ooa( 4 )6 = ^/« ? (T- 1 (G w )?a')ooa"6. # 

(a) (a) 

Now we have the following main result: 

Theorem IV. 2 Let H = (H, m, u, A, e, T) 6e a finite dimensional biperfect weak Hopf algebra with 
invertible T. Then the quantum double D(H) of H is quasi-braided equipped with a quasi- R-matrix 
R = J2iei(^°° e i) ® (e*ool) € D(H)®D(H) where {ej}j g / is a basis of the k-vector space H together 
with its dual basis {e 4 }j g / in H* cop . Hence R is a solution of the quantum Yang- Baxter equation. 

Proof: For / G H* cop , a€H, 

A op (fooa)R = Y (/'W'Xlooei) ® (/W)(e*ool) 

»6/ (/)(a) 

= E E (re(T- 1 (G (6) )?a (4) )ooa (5) e J )®(/V(r- 1 (a w )?a / )ooa") 

i£7 (/)(a) 
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= E E (/ /, e(T- 1 (a( 6 )))e(a( 4 ))eooa( 5 )e l )®(/V(T- 1 (a w )?a / )ooa") 
iei (/)(«) 

= E E (/W 4 )e J )®(/V(T- 1 (a w )?a')ooa"); 
<eJ (/)(a) 

RA(fooa) = E (eooe i )(/'c»a / )<8)(e i c»l)(/"cx)a") 
iei (/)(a) 

= E E (e/ , (T- 1 (eJ")?eJ)cx)e; , a / )®(e7"(r- 1 (l)?l)cx)la") 

iei (/)(a)(ei) 

= E E (/ , (r- 1 (er)? e 0ooe>')®(e7 ,, ooa"). 

i€J (/)(a)(eO 

For every b, c E H, u, v & H op * , let £ = 6 u ® c ® v. Then 

<A°f(/ooa) J R,e> = ^^/"(%(a( 4 ) ei )(/'e , (r 1 («"')? ffi '))(c) l ;(a") 

i6J (/)(a) 

= E E r(fo)^(o (4) e l )/ , (c / )e t (T- 1 (a w )c"a').(o") 

iei (/)(a)(c) 

= E E r(t)^(a (4) e J (r" 1 (a w )c"a')e,)/ , (c')^(a") 

i€/ (/)(a)(c) 

= ^ f{bd)u{a^T-\a"'ya')v(a") 

(o)(c) 

= £ /(6 C , )n( C ,/ o( 4 )T- 1 (a w )a , )^;(a /, ) 

(o)(c) 

= ]T /(6c , )n( C ,/ a w T- 1 (a ,/ )a , )^(a {4) ) = E f(J^)u^'a')v(a") 

(o)(c) (o)(c) 

<flA(/ooa),£> = E E / , (r- 1 «')6e;)«(ej r a')(e7")(c)f(a") 

i€J (/)(o)(ei) 

= E E / , (T- 1 (er)6e0u(e>')e i (c / )/ // (c")K« ,/ ) 

iei (/)(a)( ei )(c) 

= E E /(^r^OMWWWa') 

i6/ (a)( ei )(c) 

= £ f{c^T-\d")bd)u{d'a')v{a") 

(o)(c) 

(since ]T E ^(cjej ® e" ® ef = £ c' ® c" ® c'") 

ieJ ( ei ) ( C ) 

= ^ /( C w T- 1 ( C ")6c , )n( C ( 4 )a / )t'(a ,/ ) 

(a)(c) 

= ^ /(&c w T- 1 ( C ")c , )n( C ( 4 )a , )«(a") 

(a)(c) 

= £ /(fc/McVMa") =< A^(/ooa)fl, £ > . 

(a)(c) 



Li and Zhang: Quantum doubles from noncocommutative weak Hopf algebras 11 



Therefore A op (fooa)R = RA(fooa). Then H* cop ooH is an almost quasi-cocommutative almost 
bialgebra with a universal quasi-R-matrix R. 

We can prove in a way similar to the proof of Theorem 2.11 in that 

(A ® id H ){R) = R n R 2 3; {id H <g> A)(R) = R 13 R 12 . 

It means that H op *ooH is quasi-braided. Thus, by Proposition 2.8 in pp, R is a quasi-R-matrix. 

# 

Note that since a cocommutative weak Hopf algebra must be coperfect, it means that Theorem 
IV. 2 is a generalization of the one in on the quantum double of a finite dimensional cocommu- 
tative perfect weak Hopf algebra. 

It is easy to see that for a finite Clifford monoid S = {s±, s n } (see [H] and pQ), kS is a finite 
dimensional biperfect weak Hopf algebra with invertible weak antipode T$ satisfying T<j(s) = for 
s £ S . Then by Theorem lIV.21 the quantum double D(kS) is quasi-braided equipped with a quasi- 
R-matrix R = Er=i( loos i) ® (s* 001 ) G D{kS) ® D(fcS) where sj is the duality of s { in (kS)* 0013 . 
Thus, i? is a solution of the quantum Yang-Baxter equation. But, this is also an example of a 
quantum quasi-double in Theorem 2.11 of constructed from a finite dimensional cocommutative 
perfect weak Hopf algebra. So, it is very necessary to find an example of the quantum double 
from a finite dimensional biperfect weak Hopf algebra with invertible weak antipode which is not 
cocommutative. 

For two biperfect weak Hopf algebras H and K, it is easy to prove that the tensor product 
H ® K is also a biperfect weak Hopf algebra with the comultiplication A = (I ®T ® I) (Ah ® Ak) , 
the multiplication m = (m# <8> mK)(I & T<g> /), the unit 1 = 1h <8> l_ftr, the counit e = eh <8> and 
the weak antipode T = T# ® T^-. H ® K is commutative (resp. cocommutative) if and only if H 
and K are so. 

For a finite non-commutative Clifford monoid S, let H = kS with the weak antipode T$, then 
= (kS)* is also a finite dimensional biperfect weak Hopf algebra with invertible weak antipode 
To. Thus, we get a finite dimensional biperfect weak Hopf algebra A = kS <g> (kS)* with invertible 
weak antipode T = Ts<g>Tg, which is indeed not a Hopf algebra unless S is a group. Since kS is non- 
commutative, (kS)* is non-cocommutative. Hence A is non-commutative and non-cocommutative. 
By Theorem lIV.2| the quantum double D(A) of A is quasi-braided equipped with a quasi-R-matrix 
as a solution of the quantum Yang-Baxter equation. This construction is different from that of 
Theorem 2.11 in pQ. It implies that in Theorem IIV.2| the quantum double of a finite dimensional 
biperfect weak Hopf algebra is indeed a generalization of that of a finite dimensional Hopf algebra. 

We know in !2 a that the R-matrix of quantum double of a finite dimensional Hopf algebra is 
invertible. But, for the quasi-R-matrix in Theorem lIV.2| we can only get the regularity as following: 

Proposition IV. 3 For a finite dimensional biperfect weak Hopf algebra H with invertible weak 
antipode T , the quasi-R-matrix R = J2?=i( £ooe i) ® ( e i°°l) of its quantum quasi-double D(H) is a 
von Neumann regular element in D(H) ®D(H) with its inverse R = J27=i( eooe i) ® ( e iTool) where 
{ei,...,e n } is a basis of H and {e*,...,e*} is the dual basis in H* . 

Proof. For any t; = b®u®c®v(zH® H* ® H (g> H* , we have 

<RRR,£> = ^e(b)u(e i e j ei)(^T)e'l)(c)v(i) 
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= e{b)v{l) £ uQT e ie *(c') £ e,e*(T(c")) £ e ^( c "')) 

(c) i=l i=l i=l 

= e(6)t>(l)u(£ c'r(c")c w ) = e(6)<l)«(c) 

(c) 

n 

= £(&Ml)5>(e 4 )e*(c) =<#,£>, 

i=l 

then ^i?^ = i?. Similarly, < RRR,£>=< >, then RRR = R. # 

For a left _D(.ff)-module V, define Cyy satisfying Cyy(i> (giitf) = t(R(v®w)) for t>, w G V, then 
y is a solution of the classical Yang-Baxter equation (see ) where r is the flip map defined as 

t(i>i <S> V2) =V2®Vi. From Propositon IIV,3l it is easy to prove that: 

Corollary IV. 4 For a finite dimensional biperfect weak Hopf algebra H with invertible weak an- 
tipode T , let V be a left D(H) -module. Then Cy V is regular in the endomorphism monoid ofV^V , 
with its inverse Cy V satisfying Cy V (v (g> w) = t(R(v ® w)) for v, w G V. 

Now we discuss the representation-theoretic interpretation of D(H). 

Definition IV. 1 (see JJg) For a bialgebra H over k, a crossed LLbimodule V is a vector space 
together with linear maps fly : H ® V — > V and Ay : V — > V ® H such that 

(i) the map fiy and Ay turn V into a left H -module and a right H-comodule respectively; 

(ii) J2(a)((3) a '(3v ® cl"(3h = J2( a )(a" p)( a " @)v ® P)ho! for all a G H and (3 G V where we set 
fiy {a ® (3) = a/3 and Ay ((3) = J2(p) Pv ® @h- 

Theorem IV. 5 Suppose H is a finite dimensional biperfect weak Hopf algebra with invertible weak 
antipode T. Then for a k-linear space V , the following statements are equivalent: 

(i) V is a left D(H) -module; 

(ii) V is a crossed H -bimodule V and satisfies 

J2 T- l (a"')a"p H <8> a'f3y = £/?// <g> apy (IV. 1) 

(*)(/») 09) 

for all a G H and (3 G V. 

Proof, "(i) (ii)": Let V be a left D(ff)-module. Since H* cop H* co Pool and H eootf 
are subalgebras of D(H), V is a left Lf-module and also a left .fP-module with a/3 = (looa)/3 and 
x/3 = (xool)/3 for a G L 7 , x G L 7 *, /3 G V. Then, (ax)(fl) = a(x(3). But, by Proposition IIV.11 we 
get 

ax = (looa)(xool) = < x,T^ 1 (a"')?a' > 00a" 

(o)(x) 

= 2 (< *,T~\ct"yia' > ool)(looa"). 

(a)(x) 

Hence, a(x/3) = E(a)(») < x,T- 1 (af ,f )la! > (a" (3). 
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One must show that V can be endowed with a crossed .ff-bimodule structure. For fiy, we define 
A*y(a <S> P) = a(3. 

Given a basis {ei, e„} of H and the dual basis {e*, e* } of H*, note that x = J2i=i x ( e i) e i 
and a = Ya=\ e ii a ) e i for x G H*, a £ H. 

Define Ay : V — > V ® H satisfying Ay (/3) = J2i e iP ® e i f° r an Y P £ V. Consider the dual 
A y of Ay, we have that for any a G V* , (3 eV, x G H* , 

n 

< Ay(a®x),(3 > = < a®x, A v ((3) >= E < a,e*P >< x,e, > 

i=l 

n 

= < a, (E < x, ej > e*)/3 >=< a, x/3 >; 
i=l 

in particular, for x = e (the identity of if*) and any (3 G V, 

< A y (a <g> e), /3 >=< a, (3 > . 
Then Ay (a ® e) = a. It follows that, for any y <E H*, 

< Ay(Ay(a<g)x) <g>y),/3 > = < Ay (a x), y(3 > 

= <a,x(y(3)>=<Alr(a®xy),f3>, 

then Ay (Ay (a <£> x) <g> y) = Ay (a <g) xy). Hence V"* is a right .fP-module under the action Ay. 
Therefore, dually, V becomes a right if-comodule under the coaction Ay. 
For a G H, (3 G V, x G #* cop , we have 

n 

(id®a;)( X! a'Pv®a"p H ) = E E o'(e^)x(a"e i ) 

(a)G9) (a) i=l 

= E Ea , (e*/3)x'(e l )x // (a")= E a' {x' P)x" {a") 

WW * =1 WW 
= E x"(a^)x'{T-\a'y.a')(a"P) 

(a)(x) 

= E^(« (4)T_1 (a'")?a')(a"P) 

(a) 

= E^( ?a/ " T_1 («")«')(a (4) /3) = E a; ( ? «')(«"/3) 

(a) (a) 

n 

= E x'(a')x"(a"(3)= E E^^^KW 
WW WW i=1 

n n 

= e E zMkV/?) = (^ ® x)(E E e * ( a "0) ® e * a ') 

(a) i=l (a) i=l 

= (id®x)( E {a"0)v®(a"P) H a'). 

(a"/9)(o) 

It follows that 

E «' A/ ® a"/3 H = E («"/% ® (a"^)/fo' (IV-2) 

(a)(/3) (a"/9)(o) 
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Hence by Definition IIV.11 V is a crossed iL-bimodule. 

Now, we prove the formula (IV. 1). With the fiy and Ay as defined above, we have proved that 
for any a G V* , fl G V, x G H* , < A y (a <g> x),/3 >=< a,xfl >. But, 

< Ay(a ®x),fl >=< a (g) x, fly ® flu >=< a, fly >< x, flu >=< a, < x, flu > flv > ■ 

So, it follows 

xfl =< x,fl H > flv- (IV.3) 

And, since V is a L>(ff)-module, we have a{xfl) = (ax)fl. However, by the formula (IV.3), 
a(xfl) = J2(/3) < x ,fln > afly] and by the formulas (IV.3) and (IV.2), 

(ax)fl = (J2< x,T- l {a"')la' > oca")/? = Q2 < x,T~V") ? a' > a")fl 

(a) (a) 

= ^<x,r- 1 (a w )?a'>(a"/?)= E < x "' > ^~V") >< x', a' > x"{a"fl) 

(a) (a) (2) 

< rf",T- x (a"') >< x", (a"fl) H >< x',a' > (a" fl)y 

(a)(x)(a»i3) 

= £ <x,T- l (a'")(a"fl) H a' >{a"fl)y 
(«)(«"« 

= J2 <x,T-\a"')a"fl H >a'fly. 
(a)(0) 

Hence, for any x G H*°°P, £ (/3) < x,fl H > afly = E( a )(/3) < x,T- 1 {a"')a" fl H > a 1 fly. Then the 
formula (IV. 1) follows. 

"(ii) =^ (i)": Say that V is a crossed fZ-bimodule about fiy and Ay. Then, V is a left 
.ff-module about [iy and a right iL-comodule about Ay. Write fJ,y(a ® fl) = afl for a £ H , fl £ V. 
For x 6 L 7 *, fl £ V, let x/? = D(/3) < x iAh > flv, where Ay(/3) = E(/3) /^V ® • Since Ay is a 
right coaction, it is easy to show that (xy)fl = x{yfl) for y G H*. Then it follows that V is a left 
#* cop -module. 

Set (xa)fl = x(afl) for x G #* co p, a G H, fl G F. Then, by flVH . 

a(x/3) = J] < x,fl H > afly = J2 < x,T- l {a!")a" fl H > a' fly = (ax)fl. 

(/3) (a)G9) 

where the first equality follows from (VI. 3), the second from (VI. 1) and the third from (VI. 3) and 
(VI.2) as proved in "(i) =^ (n)". 

Therefore, V becomes a left D(.ff)-module since H and H* cop are subalgebras of D{H) and the 
multiplication of D{H) is determined by the interaction of H and H* cop . # 

V Examples From Matrix Groups 

Now, we give some examples from a concrete Clifford monoid. The definition of a Clifford semi- 
group/monoid can be found in [S] and p. 

Let Y = {a, fl, 7, p, a, 5} be the semilattice with multiplication "•" given by the following table: 
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a 


P 


7 


p 


a 


6 


a 


a 


a 


a 


a 


a 


a 


p 


a 


P 


p 


a 


P 


P 


7 


a 


p 


7 


a 


P 


7 


P 


a 


a 


a 


P 


P 


P 


a 


a 


P 


P 


P 


a 


a 


5 


a 


P 


7 


P 


a 


5 



The partial order in the semilattice Y can be presented as the diagram below: 

5 cr p 



7 



P 



a 



Obviously, 5 is the identity of Y. 

For a ring R with identity, R 2x2 denotes the 2x2 full matrix ring over R, U(R) the group 
consisting of all units in R. Let Z be the integer number ring. For a prime number p, Z p is a field 
and U(Zp X2 ) is just the 2x2 general linear group GL2(Z p ) over Z p . Assume that G a = {e a } and 
G s = {e s } are the trivial groups, G p = GL 2 {Z 2 ), G 7 = U(Z 2x2 ), G p = GL 2 (Z 3 ), G a = U(Z 2x2 ). 
Then G u n G v = for any u, v G Y, u ^ v. Set S = U uG yG M . We will define a multiplication on S 
such that S = U ue yG u becomes a Clifford monoid related to the semilattice Y. 

Firstly, we mention the fact that over a commutative ring R with identity, an m x m matrix X 
is invertible if and only if detX is a unit in R. 

x y 
a b 

easy to see U{Z 6 ) = {1,5}, U{Z 4 ) = {1,3}, U(Z 3 ) = {1,2}, U(Z 2 ) = {I}. 

A ring homomorphism ir a:P : Zq — > Z% can be defined which satisfies 7r CT) p(0) = 0, ^^(l) = 1, 
7^(2) = 2, ^(3) = 0, TTaJi) = 1 and ir a , p {5) =2. 
x y 
a b 



Then, for n = 2,3,4,6, X 



G U(Z 2x2 ) if and only if detX = xb - ay G U(Z n ). It is 



For X 



G U(Z 6 ) = G a , we have detX = xb — ay = 1, or 5, then 
7r (T ,p(x)vr (Ti p(6) - vr (TiP (a)7r CTiP (y) = 1, or 2. 



It follows 
homomorp 



7r CT , P (x) 7r CTiP (y) 
vr CTjP (a) tt CTiP (6) 



G GL 2 (Z 3 ) = G p . Thus, we can expand 7r CTjP to make it a group 



rism from G CT to G p . For this, it is enough to define 7r CT)P : G CT — > G p satisfying 



7T, 



since 



ai 



bi 



2^2 

a2 



y2 

b 2 



x y 




a b 












a 1 



vr CT)P (a) vr ajP (6) 



yi 
h 



7T. 



fact that 7r CTi p is a ring homomorphism from Zg to Z3. 



^2 

a 2 



V2 

b 2 



can be shown easily using the 
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Note that 7r CT)/9 (5) = 2 E U{Z$), so 7r CT) p is an epimorphism from G CT to G p 



Similarly, the ring homomorphisms ir a g : Zg 



^2 and 7r 7i/ 3 : Z4 — ► Z2 can be defined 



respectively satisfying 7^/3 (0)_= 0, 7^(1) = 1, 7^(2) = 0, 7T CT)( g(3) = 1, 7T CT)( g(4) = 0, 7r CT)/3 (5) = 1 
and 7T 7!) 3(0) = 0, 7r 7)| g(l) = 1, 7r 7ij g(2) = 0, 7r 7j/ g(3) = 1. Moreover, the group homomorphisms 
^a,p : G a — > Gp and 7r 7i/ g : G 7 — > Gg can be constructed in a similar way. 

Finally, we define 7173,0, : Gg — ► G a , ir PtCe ■ G p — > G a , ^s,a : Gs — * G a , 7T5 i7 : G5 - 
the trivial group homomorphisms. Then one has the following diagram: 



G 7 as 



Gs 



G a 



G, 



G r 



G r 



Now, we introduce the multiplication"-" in S by XW = 7r UtUV (X)n VtUV (W) if X E G u and 
W £ G v for u, u E V. Then, with this multiplication, S = U u6 yG u becomes a Clifford monoid 
related to the semilattice Y, and the only element e$ of Gs is the identity of S. 

Obviously, S is a finite and noncommutative Clifford monoid. Then for the cocommutative 
weak Hopf algebra kS we may obtain the quantum double D(S) and its quasi-R-matrix R by using 
the result in pQ. We have the decomposition of linear spaces as follows: 

D(S) = (kS) op *^(kS) = (® ueY kG u ) op *^(® u€Y kG u ) = ® u , veY ((kG u ) op *cx>(kG v )) 

where (kG u ) op * 00 (kG v ) means a direct summand of D(S) and 00 is same in D(S) since (kS) op * = 
®ueY{kGu) op * and kS = @ u(iY kG u such that for each u eY, (kG u ) op * is embedded into (kS) op * 
and kG u is embedded into kS. 

Any ip E (kG u ) op * can be expanded to Tp E (kS) op * satisfying 7p(U + V) = <p(U) for any element 
U + V of kS = @ v& kG v where C/ E kG u and F E ® v ^ u kG v . 



Let ui, u 2 , ui, v 2 E y, X E G^, E G„ 2 , A E G Ul , B E G 



u 2 • 



Then their dual el- 



ements 4>a and of A and i? are in (kG Ul ) op * and (kG U2 ) op *, respectively, where 4>a(C) 

j if CeG Ul ,C^A . . .... 

< if C* — yl a ^ 1S & lven similarly. 

The multiplication of D(5) can be presented by 



i A ooX)(0 B ool^) = (<p A ooX)((P B ooW) = <t) A (Pb(X' 1 ?X)ooXW, 



where 







4> A mx-^x) = y TA 

By pP, the quasi-R-matrix of D(S) is 



ax- 1 AX ^ 5 
if I- J iX = 5. 



i? 



£(loo*) 

sGS 



s ool) = ^ ^ (1CX35«) 

u 



gu ool) E D(S)®D(S). 



X 



^From f/(Z 6 ) 
a 6 



{1,5}, U{Z A ) = {1,3}, £7(Z 3 ) = {1,2}, U{Z 2 ) = {1} and the fact that 
E U(Z 2x2 ) if and only if detX = xb — ay E U(Z n ), it is easy to compute for 
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each u G Y. We have \G S \ = 1, |G«| = 1, (G^ = 6, |G 7 | = 96, |G P | = 48, \G a \ = 288. It follows 
that the number of monomials of R of D(S) is \S\ = \G S \ + \G a \ + \Gp\ + |G 7 | + \G p \ + \G a \= 440. 
Therefore, from the Clifford monoid S = U ng yG u we have constructed an example of the quantum 
doubles of cocommutative weak Hopf algebras in pQ. 

In the following we give an example of the quantum doubles of perfect (noncocommutative) 
weak Hopf algebras. 

For the Clifford monoid S above, H = kS ® (kS)* is a finite dimensional non-commutative 
and non-cocommutative biperfect weak Hopf algebra with invertible weak antipode T = T$ ® To 
satisfying T S (X) = X~ l and T£(f)(X) = f(T s (X)) for any matrix X G S and / G (kS)*. The 
dimension of H is dimiif =dim(A:S' (g> (kS)*) = \S\ 2 = 193600. The quantum double is given by 

D(H) = H op *ooH={kS®(kS)*) op *oo(kS®(kS)*) 

= ((kS) op * ® (kS^oo^kS ® = ((A:5) op * ® A;5)oo(A;5 ® (Jb5)*) 

5^ ((/sG u ) op * ® kG v )oo(kG p ® (feG g )*), 

where £G P (kG q )* and (kG u ) op * ® A;G„ are as subspa ces of ® (feS 1 )* and (A:5) op * ® fe5. The 
multiplication of -D(S') obeys the formula in Proposition IIV. ll 
The quasi- R-matrix of D(H) is 

R= Yl 12 ((l®l)oo( 5p ®0 9 J)®((0 gp ® 59 )oo(l®l)), 

P,QtY g p £G p , g q eG q 

whose number of monomials is \S\ 2 = 193600. 
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